Abstract. In the present note we introduce tame functionals on Banach algebras.
Introduction
Weakly almost periodic (WAP) functionals play a major role in the theory of Banach algebras. See for example Young [29] , Lau [19] , Filali, Neufang and Monfared [3] and references therein. Recall that a functional λ ∈ A * on a Banach algebra A is said to be WAP (and write λ ∈ WAP(A)) if the natural linear operator
factors through a reflexive Banach space; notation: λ ∈ WAP(A). As it follows from classical results [2] , a characterization property is that the subset λ · B(A) is weakly precompact in A * , where B(A) is the unit ball of A and for every a ∈ A the functional λ · a is defined as A → R, x → λ(a ⋆ x), where ⋆ is the multiplication in A.
Our aim is to introduce tame functionals. In this case Rosenthal Banach spaces play the role of reflexive spaces. The technical characterization property comes combining some results of Rosenthal [25] , Talagrand [27] , Saab & Saab [26] . The criterion, Lemma 2.3, asserts that the subset λ · B(A) is small in other sense, namely it is tame, meaning that it does not contain an independent sequence of vectors, Definition 2.1. These concepts come from a celebrated l 1 -dichotomy theorem of Rosenthal and play a major role in several research lines in Banach space theory and also in topological dynamics.
In the present note we study the tameness concept also in the theory of Banach algebras. The main result here is Theorem 3.2 which asserts that tame functionals on the Banach algebra l 1 (G) are induced exactly by tame functions (in the sense of topological dynamics) on G for every discrete group G. That is, Tame(l 1 (G)) = Tame(G). It should be compared with the well known formula for the WAP case. Namely, WAP(L 1 (G)) = WAP(G) for every locally compact group G (see Lau [19] and Ulger [28] ). It is an open question if Tame(L 1 (G)) = Tame(G) holds for (nondiscrete) locally compact G.
Tame functions on topological groups (on the integers Z for instance) is the theme of quite intensive investigation in topological dynamics. Many interesting dynamical systems provide tame (not WAP) functions on acting groups. For example, this happens for Sturmian-like symbolic dynamical G-systems, with G = Z k or (noncommutative modular group) G = P SL 2 (Z), [10, 11] . So, by Theorem 3.2 the class of tame functionals on l 1 (G) (which are not WAP functionals) is very rich.
Some definitions: independence and tameness
Let l ∞ (X) be the Banach space (in the sup-norm) of all bounded real valued functions on X. If X is a topological space denote by C(X) the Banach subspace of all continuous bounded functions.
Let {f n : X → R} n∈N be a uniformly bounded sequence of real valued functions on a set X. Following Rosenthal [25] we say that this sequence is an l 1 -sequence if there exists a real constant a > 0 such that for all n ∈ N and choices of real scalars c 1 , . . . , c n we have
Then the closed linear span in l ∞ (X) of the sequence f n be linearly homeomorphic to the Banach space l 1 . In fact, in this case the map
is a linear homeomorphic embedding.
Similarly can be defined a sequence of vectors in a Banach space which is equivalent to an l 1 -sequence. A Banach space V is said to be Rosenthal if it does not contain an isomorphic copy of l 1 , or equivalently, if V does not contain a sequence of vectors which is equivalent to an l 1 -sequence.
A Banach space V is an Asplund space if the dual of every separable Banach subspace is separable. Every Asplund space is Rosenthal and every reflexive space is Asplund.
2.1. Independence and tame systems. A sequence {f n : X → R} n∈N of real valued functions on a set X is said to be independent (see [25, 27] ) if there exist real numbers a < b such that
for all finite disjoint subsets P, M of N. Every bounded independent sequence is an l 1 -sequence [25] .
We say that a bounded family F of real valued (not necessarily, continuous) functions on a set X is tame, [10] if F does not contain an independent sequence. For example, by [22] every bounded family of (not necessarily continuous) functions [0, 1] → R with total bounded variation (e.g., Haar systems) is tame. In fact this remains true replacing the set [0, 1] by any circularly (e.g., linearly) ordered set.
As to the negative examples. The sequence of projections on the Cantor cube
and the sequence of Rademacher functions
both are independent (hence, nontame).
Definition 2.1. Let V be a real Banach space and M ⊂ V * be a subset in the dual Banach space V * . A bounded subset F of V is said to be tame for M if F , as a family of functions on M is a tame family. If F is tame for the unit ball B(V * ) of V * (equivalently, for every bounded subset) then we simply say that F is a tame subset in V .
The family of tame subsets in a given Banach space is closed under taking subsets, finite unions, weak and norm closures and convex hulls. The case of subsets is trivial. The case of finite unions is easy (directly or using Lemma 4.3). For convex hulls use Lemma 4.7. We explain here the case of the weak closure (which implies the norm closure case).
For definition and properties of fragmentability see the Appendix below. In particular, F(X) denotes the set of all fragmented maps X → R. If X is compact this is exactly the set of functions with the point of continuity property (PCP), Lemma 4.2.1. 
The following characterization of Rosenthal Banach spaces is a reformulation of some known results (see in particular, [26] and Lemma 4.3 below).
Lemma 2.3. Let V be a Banach space. The following conditions are equivalent:
(1) V is a Rosenthal Banach space; (2) The unit ball B(V ) is a tame subset of V ; (3) Each x * * ∈ V * * is a fragmented map when restricted to the weak
So, in particular, a Banach space V is Rosenthal iff every bounded subset F ⊂ V is tame (as a family of functions) on every bounded subset Y ⊂ V * of the dual space
Note also the following characterizations of Asplund and reflexive spaces. A Banach space V is Asplund (reflexive) iff every bounded subset F ⊂ V is a fragmented family of functions (has Grothendieck's Double Limit Property (DLP)) on every bounded subset Y ⊂ V * . Note that in all three cases the converse statements are true; as it follows from results of [10] every tame (fragmented, DLP) bounded family F of continuous functions on X can be represented on a Rosenthal (Asplund, reflexive) Banach space. Recall that a representation of F on a Banach space V consists of a pair (ν, α) of bounded maps ν :
where α is weak-star continuous and
In other words, the following diagram commutes
Definition 2.4. Let T : V 1 → V 2 be a continuous linear operator between Banach spaces. We say that T is a Rosenthal operator if it factors through a Rosenthal Banach space. That is, there exists a Rosenthal Banach space V 3 and continuous linear operators α :
If either V 1 or V 2 are Rosenthal Banach spaces then every linear operator
For every functional λ ∈ A * on a Banach algebra A, with the multiplication ⋆, and every element a ∈ A we use the standard notation λ · a for the functional
Definition 2.5. Let A be a Banach algebra and λ ∈ A * be a functional. We say that λ is tame and write λ ∈ Tame(A) if the natural continuous linear operator
is Rosenthal in the sense of Definition 2.4; notation: λ ∈ Tame(A).
Remark 2.6. Definition 2.4, without any name, appears in [26] . Similarly can be defined Asplund and reflexive operators. They lead (in the scheme of Definition 2.5) to the corresponding definitions for functionals between Banach algebras. In the latter case it is exactly weakly compact functional as it follows from [2] . Clearly,
In general the inclusions are distinct (e.g., for A = l 1 (Z)).
The following technical lemma is a reformulation of deep results by Rosenthal, Talagrand and Saab&Saab.
Lemma 2.7. Let T : V 1 → V 2 be a continuous linear operator between Banach spaces. The following conditions are equivalent:
(1) T :
and every a * * ∈ V * * 1 the restriction of a * * to T * (M) has a point of continuity;
is a minor modification of [26, Theorem 12] . Note that [26, Theorem 12] was formulated for convex subsets M. However, as the original proof from [26] demonstrates, we can write in the formulation arbitrary w * -compact subset M. 
). Now the equivalence (2) ⇔ (4) of Lemma 4.3 finishes the proof. 
) is a Rosenthal family on B(V * 2 ). Now recall that Rosenthal family and tame family are the same in our setting by Lemma 4.3.
3. Tame functionals on the group algebra l 1 (G) Let G be a discrete group. Denote by l 1 (G) the usual (unital) Banach group algebra with respect to the convolution product ⋆ and the l 1 -norm.
For every s ∈ G we have δ s ∈ l 1 (G), where δ s (s) = 1 and δ s (x) = 0 for every x ∈ G with x = s. We have the embedding
For a group G and a real-valued function f : G → R the left translation f s by s ∈ G is defined as the function
and
This means that
In contrast to the algebra L 1 (G) for locally compact groups G, the algebra l 1 (G) has the unit element δ e , where e is the unit element of G. Lemma 3.3 implies that span{δ(G)} is norm dense in l 1 (G).
Let l ∞ (G) be the Banach space (usual sup-norm) of all bounded functions on G. For every continuous functional f : l 1 (G) → R we have the corresponding restriction r(f ) := f • δ : G → R. This defines the canonical isomorphism of Banach spaces r : l 1 (G) * → l ∞ (G). It reflects the standard fact that l 1 (G) * can be identified with l ∞ (G).
For every s ∈ G define the functional
We have an injection σ : G → l * ∞ (G), s → σ s such that σ(G) is also discrete in the weak-star topology of l * ∞ . Furthermore, C(G) = l ∞ (G) as a Banach space is naturally isometric to the Banach space C(βG), where, βG is the Chech-Stone compactification of the discrete space G. Consider the natural topological embedding i : β(G) ֒→ l * ∞ (G) = C(βG) * . Its restriction to G is just σ. So, the weak-star closure of σ(G) in l * ∞ (G) can be naturally identified with β(G). 3.1. Tame functions on groups. The theory of tame dynamical systems developed in a series of works (see e.g. [18, 5, 7, 8, 17, 13] ). Connections to other areas of mathematics like: Banach spaces, circularly ordered systems, substitutions and tilings, quasicrystals, cut and project schemes and even model theory and logic were established. See e.g. [1, 14, 11, 12] and the survey [9] for more details. [9, 12] ) Let f : G → R be a bounded RUC (right uniformly continuous) function on a topological group G. Then f is said to be a tame function if f G := {f s : s ∈ G} is a tame family of functions on G; notation: f ∈ Tame(G).
Tame functions on G are characterized in [8] as generalized matrix coefficients of isometric continuous representations of G on Rosenthal Banach spaces. Recall a similar result from [21] which asserts that weakly almost periodic functions on G are exactly matrix coefficients of representations on reflexive spaces. So, it is immediate from these results that WAP(G) ⊂ Tame(G). Note also that RUC(G) is exactly the set of all matrix coefficients for Banach representations of G. For more information about matrix coefficients of group representations we refer to [21] and [4] .
There are many interesting tame functions on groups which are not WAP. For example, on the discrete integer group Z. Fibonacci bisequence c : Z → {0, 1} defined by Fibonacci substitution is tame but not WAP.
It is well known that WAP(L 1 (G)) = WAP(G) for every locally compact group G (see Lau [19] and [28] ). In particular, for discrete G it implies that WAP(l 1 (G)) = WAP(G). Our main result in this note, Theorem 3.2 below, shows that a similar result holds for the tame case.
Theorem 3.2. Tame(l 1 (G)) = Tame(G) for every discrete group G.
Let f ∈ Tame(l 1 (G)). Then by Lemma 2.7 we know that the set
is also a tame subset in l ∞ (G). On the other hand, f · δ(G) = f G by Equation 3.3. Hence, f G is a tame subset as a family of functions on B(l * ∞ (G)). Therefore, f G is a tame subset also on the subset G = σ(G) ⊂ B(l ∞ (G)). This means that f ∈ Tame(G).
Let f ∈ Tame(G). Then f G is a tame family of functions on G. That is,
is a tame family on σ(G) ⊂ l * ∞ (G) = (l 1 (G)) * * . Then by Lemma 4.4.3, f G is a tame family also on βG. Moreover, by Lemma 4.8 we obtain that f G is a tame family on the weak-star closed unit ball B(l ∞ (G) * ) of l * ∞ (G) = C(β(G)) * . Then the same is true for the union −f G ∪ f G. Now the convex hull co(−f G ∪ f G) is also tame family of functions on the compact space B(l ∞ (G) * ) by Lemma 4.7.
Lemma 3.3. W := co(−δ(G) ∪ δ(G)) is norm dense in the unit ball of l 1 (G).
It is common to write it simply v = c s δ s , where c s = v(s). Then ||v|| = |c s | ≤ 1. For a given ε > 0 we need to find w ∈ W such that ||v − w|| < ε. There exists a finite subset J ⊂ Supp(v) such that ||v − Σ s∈J c s δ s || < ε. Define w := Σ s∈J c s δ s . Now observe that w ∈ W . Indeed, we may suppose that J = J + ∪ J − is the disjoint union where J + correspond to positive coefficients and J − to negative coefficients. Then
where ∆ :
We claim that the weak closure
Summing up we get
Now we use Lemma 2.2 which implies that the weak closure co(−f G ∪ f G) w , hence also its subfamily f · B(l 1 (G)), are tame families on the weak-star compact ball B(l * ∞ (G)). Finally Lemma 2.7 finishes the proof.
Remark 3.4. One may prove similarly the following formulas:
The second formula is new. In the first case we may use Grothendieck's Double Limit Property characterization of weakly precompact subsets. In the second case -properties of fragmentable families. Namely, one may show that T is Asplund operator iff T (B(V 1 )) is a fragmented family on B(V * 2 ). The proof is similar to the proof of Lemma 2.7.
Remark 3.5. The sets WAP(G), Asp(G), Tame(G) are distinct even for the discrete group Z. Indeed, the Fibonacci bisequence c : Z → {0, 1} is a tame function on Z but not Asplund (see [11, 12] ). The characteristic function χ N : Z → {0, 1} is Asplund but not WAP. Hence, the sets of functionals WAP(l 1 (Z)), Asp(l 1 (Z)), Tame(l 1 (Z)) are also distinct.
We are going to investigate tame functionals in some future works. Among others we intend to deal with the following natural question. (1) [15, 20] X is (τ, µ)-fragmented by a (typically, not continuous) function f : X → Y if for every nonempty subset A of X and every ε ∈ µ there exists an open subset O of X such that O ∩ A is nonempty and the set f (O ∩ A) is ε-small in Y . We also say in that case that the function f is fragmented . Notation: f ∈ F(X, Y ), whenever the uniformity µ is understood. If Y = R then we write simply F(X).
(2) [7] We say that a family of functions F = {f : (X, τ ) → (Y, µ)} is fragmented if condition (1) holds simultaneously for all f ∈ F . That is, f (O∩A) is ε-small for every f ∈ F . (3) [8] We say that F is an eventually fragmented family if every infinite subfamily C ⊂ F contains an infinite fragmented subfamily K ⊂ C.
In Definition 4.1.1 when Y = X, f = id X and µ is a metric uniformity, we retrieve the usual definition of fragmentability (more precisely, (τ, µ)-fragmentability) in the sense of Jayne and Rogers [16] . Implicitly it already appears in a paper of Namioka and Phelps [24] .
Lemma 4.2. [7, 8] (1) If f : (X, τ ) → (Y, µ) has a point of continuity property PCP (i.e., for every closed nonempty A ⊂ X the restriction f |A : A → Y has a continuity point) then it is fragmented. If (X, τ ) is hereditarily Baire (e.g., compact, or Polish) and (Y, µ) is a pseudometrizable uniform space then f is fragmented if and only if f has PCP. So, in particular, for compact X, the set F(X) is exactly B ′ r (X) in the notation of [27] . (2) If X is Polish and Y is a separable metric space then f : X → Y is fragmented iff f is a Baire class 1 function (i.e., the inverse image of every open set is F σ ).
For other properties of fragmented maps and fragmented families we refer to [23, 15, 20, 21, 7, 8, 10] . Basic properties and applications of fragmentability in topological dynamics can be found in [8, 9, 10] .
Independent sequences of functions.
The following useful theorem synthesizes some known results. It mainly is based on results of Rosenthal and Talagrand. The equivalence of (1), (3) and (4) is a part of [27, Theorem 14.1.7] For the case (1) ⇔ (2) note that every bounded independent sequence {f n : X → R} n∈N is an l 1 -sequence (in the sup-norm), [25, Prop. 4] . On the other hand, as the proof of [25, Theorem 1] shows, if {f n } n∈N has no independent subsequence then it has a pointwise convergent subsequence. Bounded pointwise-Cauchy sequences in C(X) (for compact X) are weak-Cauchy as it follows by Lebesgue's theorem. Now Rosenthal's dichotomy theorem [25, Main Theorem] asserts that {f n } has no l 1 -sequence. In [8, Sect. 4] we show why eventual fragmentability of F can be included in this list (item (5)). Lemma 4.3. Let X be a compact space and F ⊂ C(X) a bounded subset. The following conditions are equivalent:
(1) F does not contain an l 1 -sequence.
(2) F is a tame family (does not contain an independent sequence).
(3) Each sequence in F has a pointwise convergent subsequence in R X . (4) F is a Rosenthal family (meaning that the pointwise closure cl (F ) of F in R X consists of fragmented maps; that is, cl (F ) ⊂ F(X)). (1) Let q : X 1 → X 2 be a map between sets and {f n : X 2 → R} n∈N a bounded sequence of functions (with no continuity assumptions on q and f n ). If {f n •q} is an independent sequence on X 1 then {f n } is an independent sequence on X 2 . (2) If q is onto then the converse is also true. That is {f n • q} is independent if and only if {f n } is independent. (3) Let {f n } be a bounded sequence of continuous functions on a topological space X. Let Y be a dense subset of X. Then {f n } is an independent sequence on X if and only if the sequence of restrictions {f n | Y } is an independent sequence on Y .
Proof. Claims (1) and (2) are straightforward. (3) Since {f n } is an independent sequence for every pair of finite disjoint sets P, M ⊂ N, the set
is non-empty. This set is open because every f n is continuous. Hence, each of them meets the dense set Y . As f (1) (where q is the embedding Y ֒→ X), {f n } is an independent sequence on X.
Lemma 4.5. Let q : X 1 → X 2 be a map between sets.
(1) The natural map γ : R X 2 → R X 1 , γ(φ) = φ • q is pointwise continuous. Proof. Claims (1) and (2) are trivial. (3)(a): By the continuity of γ we get γ(F 2 ) ⊂ γ(cl p (F 2 )) ⊂ cl p (γ(F 2 )). Since F 2 is bounded the set cl p (F 2 ) is compact in R X 2 . Then γ(cl p (F 2 )) = cl p (γ(F 2 )). On the other hand, γ(F 2 ) = F 2 • q = F 1 . Therefore, cl p (F 2 ) • q = cl p (F 1 ).
(4)(a) Use (3) and Lemma 4.6. (3)(b): Combine the assertions (1) and (2) taking into account that γ(cl p (F 2 )) = cl p (γ(F 2 )) = cl p (F 1 ).
Recall some useful Lemmas from [8] . Lemma 4.7. Let F ⊂ C(X) be a tame (eq. Rosenthal) family for a compact space X. Then its convex hull co(F ) is also a tame family for X.
Lemma 4.8. Let X be a compact space and F ⊂ C(X) be a bounded family. Then F is a tame family for X if and only if F is a tame family for the weak-star compact unit ball B(C(X) * ).
